Let (W, C) be an m-cycle system of order n and let Ω ⊂ W , |Ω| = v < n. We say that a path design (Ω, P) of order v and block size s 
Introduction
Let G be a subgraph of K v , the complete undirected graph on v vertices. A G-design of K v is a pair (V, B), where V is the vertex set of K v and B is an edge-disjoint decomposition of K v into copies of the graph G. Usually we say that b is a block of the G-design if b ∈ B, and B is called the block-set.
Let (W, C) be an mCS of order n and let (Ω, P) be a P (v, s, 1) such that Ω ⊂ W and 2 ≤ s ≤ m − 1. We say that (Ω, P) is embedded in (W, C) if for every p ∈ P there is an m-cycle c = (a 1 , a 2 , . . . , a m ) ∈ C such that: (1) It is easy to see that (Ω 1 , P 1 ) is a P (4, 3, 1) embedded in the 4CS (W 1 , S 1 ) of order 9. Example 2. Let (Ω 1 , P 1 ) be the P (4, 3, 1) embedded in the 4CS (W 1 , S 1 ) of order 9 given in Example 1. Put Ω 2 = Ω 1 ∪ {a 4 , a 5 , a 6 , a 7 } and 
The following spectrum problem arises: Let m and s be two integers such that m ≥ 3 and 2 ≤ s ≤ m − 1. For each admissible n, determine the set SP(n, m, s) of all integers v ≥ s such that there exists a P (v, s, 1) embedded in an m-cycle system of order n.
It is easy to determine the set SP(n, 3, 2).
Theorem 1 [3, 5] Let n ≡ 1 or 3 (mod 6) and let
, there is a P (v, 2, 1) embedded in a 3-cycle system (or Steiner triple system) of order n.
Milici and the author [5] determined the set SH(n, 4, s), s ∈ {2, 3}, of all integers v ≥ s such that there exists a handcuffed design of order v and block size s embedded in a 4-cycle system of order n.
, where
Since every P (v, 2, 1) is balanced, it is SP(n, 4, 2) = SH(n, 4, 2) (Theorem 2). Clearly SH(n, 4, 3) ⊆ SP (n, 4, 3) . In this paper we determine the spectrum SP(n, 4, 3).
SP(n, 4, 3)
For every n ≡ 1 (mod 8), n ≥ 9, let us denote by τ (n, 4, 3) the maximum v ≡ 0 or 1 (mod 4) such that there is a P (v, 3, 1) embedded in a 4CS of order n. Let
In the following theorem we give an upper bound on τ (n, 4, 3).
Theorem 3 For every
For any x ∈ Ω, let σ(x) be the number of paths of P having x in an exterior position (the first or the last). Letσ = max x∈Ω σ(x).
. Moreover it is easy to see that if v ≡ 0 (mod 4) then σ(x) must be odd. Therefore we obtain the following inequalities:
andσ
Suppose v ≡ 0 (mod 4). Then by (2) and (3) the following upper bounds hold:
if n ≡ 9 (mod 24) and v ≤ 2n−10 3
if n ≡ 17 (mod 24).
Suppose v ≡ 1 (mod 4). Then by (1) and (3) 
Corollary 1 For every n ≡ 1 (mod 8), SP(n, 4, 3) ⊆ {v | 4 ≤ v ≤ 2n−t(n) 3
and v ≡ 0 or 1 (mod 4)}. a 16+16ρ , a i , a 17+16ρ , b i ) and (a 18+16ρ , a i , a 19+16ρ , b i ).
Lemma 2 For every n ≡ 9 (mod 24), there exists a P (
(II) For j = 0, 1, 2, 3 and i = 0, 1, . . . , 2 + 4ρ, (a 9+8ρ+2i , a 16+16ρ+j , a 10+8ρ+2i , b 9+8ρ+j ).
(III) (a 16+16ρ , a 15+16ρ , a 17+16ρ , b 9+8ρ ), (a 18+16ρ , a 16+16ρ , a 17+16ρ , b 10+8ρ ),  (a 18+16ρ , a 17+16ρ , a 19+16ρ , b 9+8ρ ), (a 19+16ρ , a 18+16ρ , a 15+16ρ , b 10+8ρ ),  (a 16+16ρ , a 19+16ρ , a 15+16ρ , b 11+8ρ ), (b 10+8ρ , b 8+8ρ , b 12+8ρ , a 16+16ρ ),  (b 11+8ρ , b 9+8ρ , b 12+8ρ , a 19+16ρ ), (b 10+8ρ , b 12+8ρ , b 11+8ρ , a 8+8ρ ),  (a 15+16ρ , b 9+8ρ , a 8+8ρ , b 12+8ρ ), (a 17+16ρ , b 11+8ρ , a 18+16ρ , b 12+8ρ ) and  (b 8+8ρ , b 9+8ρ , b 10+8ρ , b 11+8ρ ). i = 0, 1, . . . , 6 + 8ρ, (a i , b 9+8ρ , a i+1 , b 10+8ρ ) and (a i , b 11+8ρ , a i+1 , b 12+8ρ ). i = 0, 1, . . . , 3 + 4ρ, (b 2i , b 9+8ρ , b 2i+1 , b 10+8ρ ) and (b 2i , b 11+8ρ , b 2i+1 , b 12+8ρ ). i = 0, 1, . . . , 10 + 8ρ, (a 20+16ρ , a i , a 21+16ρ , b i ) and (a 22+16ρ , a i , a 23+16ρ , b i ). j = 0, 1, 2, 3 and i = 0, 1, . . . , 3 + 4ρ, (a 11+8ρ+2i , a 20+16ρ+j , a 12+8ρ+2i , b 13+8ρ+j ).
(IV) For

(V) For
It is easy to see that (W,
C
(II) For
(III) (a 20+16ρ , a 19+16ρ , a 21+16ρ , b 11+8ρ ), (a 22+16ρ , a 20+16ρ , a 21+16ρ , b 15+8ρ ),  (a 22+16ρ , a 21+16ρ , a 23+16ρ , b 11+8ρ ), (a 23+16ρ , a 22+16ρ , a 19+16ρ , b 14+8ρ ),  (a 20+16ρ , a 23+16ρ , a 19+16ρ , b 13+8ρ b 13+8ρ , a 23+16ρ , b 12+8ρ ), (a 10+8ρ , b 16+8ρ , a 19+16ρ , b 15+8ρ ) and  (a 22+16ρ , b 14+8ρ , a 10+8ρ , b 13+8ρ ).
(IV) For i = 0, 1, . . . , 4 + 4ρ, (a 2i , b 13+8ρ , a 2i+1 , b 14+8ρ ) and (a 2i , b 15+8ρ , a 2i+1 , b 16+8ρ ). a 13+8ρ+2i , a 24+16ρ+j , a 14+8ρ+2i , b 17+8ρ+j ).
(III) (a 24+16ρ , a 23+16ρ , a 25+16ρ , b 13+8ρ ), (a 26+16ρ , a 24+16ρ , a 25+16ρ , b 17+8ρ ),  (a 26+16ρ , a 25+16ρ , a 27+16ρ , b 13+8ρ ), (a 27+16ρ , a 26+16ρ , a 23+16ρ , b 17+8ρ ),  (a 24+16ρ , a 27+16ρ , a 23+16ρ , b 18+8ρ ), (b 19+8ρ , b 17+8ρ , b 20+8ρ , a 23+16ρ ),  (b 18+8ρ , b 16+8ρ , b 20+8ρ , a 25+16ρ ), (b 18+8ρ , b 20+8ρ , b 19+8ρ , a 26+16ρ ),  (b 16+8ρ , b 17+8ρ , b 18+8ρ , b 19+8ρ ), (a 24+16ρ , b 14+8ρ , a 25+16ρ , b 15+8ρ ),  (a 26+16ρ , b 14+8ρ , a 27+16ρ , b 15+8ρ ), (a 24+16ρ , b 16+8ρ , a 25+16ρ , b 19+8ρ ),  (a 26+16ρ , b 16+8ρ , a 27+16ρ , b 20+8ρ ), (a 24+16ρ , b 20+8ρ , a 12+8ρ , b 17+8ρ ) and  (a 27+16ρ , b 19+8ρ , a 12+8ρ , b 18+8ρ ).
(IV) For i = 0, 1, . . . , 5 + 4ρ, (a 2i , b 18+8ρ , a 2i+1 , b 17+8ρ ) and (a 2i , b 20+8ρ , a 2i+1 , b 19+8ρ ). Note that σ(a i ) = 15 + 8ρ for i = 13 + 8ρ, 14 + 8ρ, . . . , 21 + 16ρ and for i = 24 + 8ρ, 25 + 8ρ, 26 + 8ρ, 27 + 8ρ; σ(a i ) = 13 + 8ρ for i = 0, 1, . . . , 7 + 8ρ and for i = 22 + 16ρ; σ(a i ) = 11 + 8ρ for i = 8 + 8ρ, 9 + 8ρ, 10 + 8ρ, 11 + 8ρ, 12 + 8ρ, 23 + 16ρ. ✷ Now we can prove our main result. and v ≡ 0 (mod 4)} ⊆ SP(n, 4, 3). Lemmas 1, 2, 3, 4 and the well-known embedding n → n + 8 for 4CS [4] imply this result.✷
